Abstract: Two fixed point theorems of mappings satisfying contractive inequalities of integral type in complete metric spaces are proved. The results presented in this paper improve, unify and include a few results existing in literature.
Introduction and Preliminaries
In 2002, Branciari [2] extended the famous Banach's fixed point theorem by proving the following fixed point theorem for a contractive mapping of integral type. where c ∈ (0, 1) is a constant and ϕ ∈ Φ. Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Afterwards, the authors in [1] , [3] - [9] and others continued the study of the existence of fixed points and common fixed points for several contractive mappings of integral type in complete metric spaces, symmetric spaces and modular spaces. In 2011, Liu et al. [6] generalized the result of Branciari and established the following fixed point theorem.
Theorem 1.2. (see [6] ) Let f be a mapping from a complete metric space (X, d) into itself satisfying where ϕ ∈ Φ and α, β : R + → [0, 1) are two functions with α(t) + β(t) < 1 for all t ∈ R + , lim sup s→0 + β(s) < 1 and lim sup s→t + α(s) 1−β(s) < 1 for all t > 0. Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
The aim of this paper is to introduce two classes of mappings satisfying contractive inequalities of integral type as follows:
and to study the existence of fixed points for the mappings (1.3) and (1.4). Under suitable conditions, we prove the existence of fixed points and convergence of iterative methods for the mappings (1.3) and (1.4) in complete metric spaces, which extend Theorems 1.1 and 1.2. Two nontrivial examples are included.
In the sequel, R + = [0, +∞), N denotes the set of all positive integers, N 0 = {0} ∪ N, and Φ = ϕ | ϕ : R + → R + satisfies that ϕ is Lebesgue integrable, summable on each compact subset of R + and ε 0 ϕ(t)dt > 0 for each ε > 0 . Let f be a mapping from a metric space (X, d) into itself. For each x ∈ X and n ∈ N 0 , put d n = d(f n x, f n+1 x). Lemma 1.3. (see [6] ) Let ϕ ∈ Φ and {r n } n∈N be a nonnegative sequence with lim n→∞ r n = a. Then
Lemma 1.4. (see [6] ) Let ϕ ∈ Φ and {r n } n∈N be a nonnegative sequence. Then 
Main Results
In this section, we show the existence and uniqueness of fixed points and iterative approximations for the mappings (1.3) and (1.4), respectively.
Theorem 2.1. Let f be a mapping from a complete metric space (X, d) into itself satisfying (1.3), ϕ be in Φ and α, β, γ : R + → [0, 1) be functions with
Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Proof. Let x be an arbitrary point in X. If there exists some n 0 ∈ N 0 such that d n 0 = 0, then f n 0 x is a fixed point of f and f n 0 x = lim n→∞ f n x. Now we assume that d n > 0 for each n ∈ N 0 . According to (1.3), we have
Using (2.1) and (2.4), we obtain that 5) which yields that
Note that (2.6) means that the sequence {d n } n∈N is decreasing. Consequently there exists a constant c ≥ 0 with lim n→∞ d n = c. Now we show that c = 0. Otherwise c > 0. In view of (2.4) and (2.6), we infer that
Taking upper limit in the above inequalities and using (2.2), ϕ ∈ Φ and Lemma 1.1, we conclude that
which is a contradiction. Hence
Next we prove that {f n x} n∈N 0 is a Cauchy sequence. Suppose that {f n x} n∈N 0 is not a Cauchy sequence, which means that there is a constant ε > 0 such that for each positive integer k, there are positive integers m(k) and n(k) with
For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying (2.8). It follows that
which give that
Letting k → ∞ in the above inequalities and using (2.7), we get that
It is easy to see that
(2.10)
Letting k → ∞ in (2.10) and using (2.7) and (2.9), we conclude that
By means of (1.3), (2.2), (2.7), (2.11), ϕ ∈ Φ and Lemmas 1.1 and 1.2, we have
which is impossible. Hence {f n x} n∈N 0 is a Cauchy sequence. Since (X, d) is a complete metric space, it follows that there exists a point a ∈ X such that lim n→∞ f n x = a.
Now we assert that a = f a. Suppose that a = f a. We consider two possible case as follows: Case 1. Assume that lim sup s→0 + β(s) ≤ lim sup s→0 + α(s). In view of (1.3), (2.2), (2.3), (2.7), ϕ ∈ Φ and Lemmas 1.1 and 1.2, we arrive at
which is a contradiction; Case 2. Assume that lim sup s→0 + α(s) < lim sup s→0 + β(s). By virtue of (1.3), (2.2), (2.3), (2.7), ϕ ∈ Φ and Lemmas 1.1 and 1.2, we get that
which is absurd. In conclusion, we infer that a = f a.
In the end, we prove that a is the unique fixed point of f in X. Suppose that f has another fixed point b ∈ X \ {a}. It follows from ϕ ∈ Φ, (1.3) and (2.1) that
which is impossible. This completes the proof. Remark 2.2. If α(t) = β(t) = 0 and γ(t) = c for all t ∈ R + , then Theorem 2.1 develops into Theorem 1.1; if γ(t) = 0 for all t ∈ R + , then Theorem 2.1 reduces to Theorem 1.2. The following example explains that Theorem 2.1 extends Theorem 1.1. Example 2.3. Let X = R be endowed with the Euclidean metric d = | · |, f : X → X, ϕ : R + → R + and α, β, γ : R + → [0, 1) be defined by
Clearly, ϕ ∈ Φ and (2.2)-(2.3) hold. Note that 1)-(2.3) . Then f has a unique fixed point a ∈ X such that lim n→∞ f n x = a for each x ∈ X.
Proof. Let x be an arbitrary point in X. Without loss of generality, we assume that d n > 0 for each n ∈ N 0 . Suppose that (2.6) does not hold. That is, there exists some n 0 ∈ N satisfying
(2.12)
On account of (1.4), (2.1), (2.12) and ϕ ∈ Φ, we conclude immediately that
which is a contradiction. Hence (2.6) holds. Consequently, there exists a constant c ≥ 0 with lim n→∞ d n = c. Suppose that c > 0. Making use of (1.4), (2.2), (2.6), ϕ ∈ Φ and Lemma 1.1, we have
which is impossible. Hence c = 0 and (2.7) holds. Suppose that {f n x} n∈N is not a Cauchy sequence, which means that there is a constant ε > 0 such that for each positive integer k, there are positive integers m(k) and n(k) with
For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying the above inequality. As in the proof of Theorem 2.1, we infer similarly that (2.9)-(2.11) hold. Note that (2.7) ensures that
which together with (2.11) yields that
In light of (1.4), (2.2), (2.9), (2.11), (2.13), ϕ ∈ Φ and Lemma 1.1, we know that
which is impossible. Thus {f n x} n∈N is a Cauchy sequence. Since (X, d) is a complete metric space, it follows that there exists a point a ∈ X such that lim n→∞ f n x = a. Suppose that a = f a. We consider two possible cases as follows: Case 1. Let lim sup s→0 + α(s) ≥ lim sup s→0 + β(s). In view of (1.4), (2.3), ϕ ∈ Φ and Lemmas 1.1 and 1.2, we conclude that
which is irreconcilable; Case 2. Let lim sup s→0 + α(s) < lim sup s→0 + β(s). By virtue of (1.4), (2.3), ϕ ∈ Φ and Lemmas 1.1 and 1.2, we get that
which is impossible. Hence a = f a, that is, a is a fixed point of f in X. Suppose that f has another fixed point b ∈ X \ {a}. It follows from (1.4), (2.2) and
which is paradoxical. This completes the proof. Hence (1.4) holds. Thus Theorem 2.4 ensures that f has a unique fixed point 0 ∈ X and lim n→∞ f n x = 0 for each x ∈ X.
